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Expected Value

Definition (Expected Value)

The expected value of a function g of a univariate discrete random
variable X ~ p(x) is given by:

Ex[g(z)] = ) g(z) p(z)

TEX

e Here, X is the set of possible outcomes (the target space) of the
random variable X.

¢ |[ntuition: If we perform the same experiment many times, what
would be the average across all outcomes?
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Expected Value: Example

e Given a fair, six-sided die:
e Sample space: Q2 = {1,2,3,4,5,6} (analogously: event space A)
e P(X=1)=PX=2)=..=Plx=6)=1/6
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Expected Value: Example

e @Given a fair, six-sided die:

e Sample space: 2 = {1,2,3,4,5,6} (analogously: event space A)
e PIX=1=P(X=2)=..=P(xz=6)=1/6

Exlgx)]=> g@)px)= >  g(=)-

1
zeX z€{1,2,...,.6} 6

(1)

1 1
—6-(1+2+3+4+5+6):6-21:3.5 (2)
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Expected Value

Definition (Expected Value)

The expected value of a function g : R — R of a univariate continuous
random variable X ~ p(x) is given by:

Exlg(@)] = [ g(z)p(x) do

X

* Again, X is the set of possible outcomes (the target space) of the
random variable X.
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Expected Value

Definition (Expected Value)
We can view multivariate random variables X as a finite vector of

univariate random variables X = [X,..., Xp]'. Then, the expected value
of a multivariate random variable X is given by:
Ex, [g(z1)]
Ex[g(z)] = :
EXD [g(xD)]

* Here, the subscript Ex, indicates that we are taking the expected
value with respect to the d-th element of the vector z.
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Mean

Definition (Mean)

The mean of a multivariate random variable X with states z € R” is an
average and is defined as:

]EXl [xl]
p=Exlz] = '
EXD [xD]
where
/ xqp(xq) deg, if X is continuous
Jx
B x[wd] = S
Z x;p(rq = z;), if X is discrete
T, EX
ford=1,..., D, where the subscript d indicates the corresponding dimension of z.
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Covariance of Univariate Random Variables

Definition (Covariance)
The covariance between two univariate random variables X,Y € R is

given by the expected product of their deviations from their respective
means:

Covxylz,y] = Exy [(zr — Ex[z])(y — Ey[y])]

Remark:

* When the random variable associated with the expectation or
covariance is clear from the context, the subscript is often
suppressed. For example, Ex|z] is often written as E[z].

e Intuition: Is there a (linear) relationship between X and Y?
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Example: Covariance
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(a) Cov(X,Y) >0 (b) Cov(X,Y) ~ 0
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Covariance: Example

e Let X be the rainfall in cm
e LetY be the amount of umrellas sold

e We observe 4 samples:
(0em, 1), (2cm, 3), (4.5em, dumbrellas), (6.5¢m, 6umbrellas)

e Let's assume all events are equally likely, and so are the joint
observations (i.e., P(X =2) =1, P(Y =y) =1, P(X =2,Y =y) = 1)

T4
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Covariance: Example

* We observe:
(0em, 0), (2¢m, 3), (4.5em 4umbrellas) (6.5¢m, 6umbrellas)

o Exlz]=Y1 2 pla;) =1 i 2 =5-(0+2+45+6.5) =325
¢ EY[?/}:Z?:I% (z)_4zz 1Yi = (1+3+4+6)_35

o Covylr.] = Exyl(z - Exle])(y — Eylu)] = Exy (@ - 3.25)(y - 35)
=1 (z — 3.25)(y — 3.5)p(z, y)

* P(X,Y):0except for our sample points, where it is %:

o 1(0-3.25)(1—3.5)+ (2—3.25)(3 —3.5) + (4.5 — 3.25)(4 — 3.5) + (6.5 —
3.25)(6 — 3.5)]
= 117.5 = 4.375
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Covariance: Example

Rain vs Umbrellas Sold
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Figure: Plot for observed data points, positive covariance (4.375)
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Covariance of Multivariate Random Variables

Definition (Covariance (Multivariate))

If we consider two multivariate random variables X and Y with states
x € RP and y € R¥ respectively, the covariance between X and Y is
defined as:

Cov[z,y] = Elzy"] — E[z]E[y]" = Cov[y,z]" € RP*F

Note:

e When the same multivariate random variable is used in both
arguments, i.e., X =Y/, this definition results in the covariance
matrix of X.

e The covariance matrix captures the relationship between individual
dimensions of the random variable and intuitively describes its

Spr .
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Variance of a Random Variable

Definition (Variance)

The variance of a random variable X with states + € R” and a mean
vector i € R” is defined as:

Vx|z] = Covx|z, z]

= Ex [(f —p)(z — M)T] = Ex[zz"] - Ex[z]Ex[z]"

Cov[zy,z1] Cov[zy,xe] --- Cov]zy,zp]
Cov[za,z1] Cov[ze,xs] --- Cov]ze,zp]
Cov[zp,x1] Cov|zp,zs] --- Cov]zp,zp]
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Variance: Example

Two Gaussian Distributions with Different Variances

0.40 — Lower variance
—— Higher variance
0.35 1
0.30 1
0.25 1

0.20 1

0.15 1

Probability Density

0.10 1

0.05 4

0.00 A

-10.0 -7.5 -5.0 —-2.5 0.0 2.5 5.0 7.5 10.0
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Variance of a Random Variable

Properties of the Covariance Matrix:

The D x D matrix is called the covariance matrix of the multivariate
random variable X.

The covariance matrix is symmetric and positive semidefinite.
It describes the spread of the data.
Diagonal elements contain the variances of the individual variables:

Var|z;] = Cov|z;, z;]
Off-diagonal elements are the cross-covariance terms:

Covlz;, x|, fori#j
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Correlation

Definition (Correlation)
The correlation between two random variables X and Y is given by:

Cov|z, y]

€ [-1,1]
Viz] Vy]

corr[z,y| =

Correlation Matrix:

* The correlation matrix is the covariance matrix of standardized
random variables, where each variable is divided by its standard
deviation (the square root of its variance).

e This standardization ensures that the variables are dimensionless,
allowing for direct comparison of the strength of relationships
between variables.
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Empirical Mean and Covariance

Definition (Empirical Mean and Covariance)

The empirical mean vector is the arithmetic average of the observations
for each variable and is defined as:

N
Tn

n=1

_ 1
T=—
N

where z,, € R”.

Definition (Empirical Covariance Matrix:)

n=1
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Independence of Random Variables

Definition (Independence)
Two random variables X and Y are statistically independent if and only if:

p(x,y) = p(z) p(y)

Intuition:
e X andY are independent if knowing the value of Y does not provide
any additional information about X, and vice versa.
Implications:
* Conditional Probability: p(y | ) = p(y),

p(z | y) = p(z)
e Variance of Sum: Vy y [z + y] = Vx[z] + V¥ [y]
e Covariance: Covyy|z,y] =0
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Conditional Independence

Definition (Conditional Independence)

Two random variables X and Y are conditionally independent given a
random variable 7 if:

plzy|z) =plx|2)pylz), vVzeZ
We denote this relationshipas X L Y | Z.

Alternative Interpretation:
e Given Z, knowing Y provides no additional information about X:

plz |y, z) =plr|2)
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Gaussian Distribution

Introduction:

e The Gaussian distribution, also known as the normal distribution, is
the most well-studied probability distribution for continuous-valued
random variables.

* |ts importance originates from its many computationally convenient
properties.

e Widely used in various areas of machine learning such as Gaussian
processes, variational inference, and reinforcement learning.

e Also prevalent in other fields like signal processing (e.g., Kalman

filter), control (e.g., linear quadratic regulator), and statistics (e.g.,
hypothesis testing).
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Gaussian Distribution

Definition (Univariate Gaussian Distribution)
For a univariate random variable, the Gaussian distribution has a density
given by:

where:
e 1 is the mean of the distribution.
e o2 isthe variance of the distribution.

Properties:
e The Gaussian distribution is symmetric around the mean p.
* Mean, median, and mode are all equal.
¢ Completely determined by its mean and variance.

¢ The area under the curve integrates to 1.
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Gaussian Distribution - Plot

X Mean

p(z)
X Mean 6
Sample |
20

Sample

0
0.05
-9
- °
0.00 O ® N e TIPS W 90 4
-50 -25 0.0 25 5.0 75 —1 0 1
x x
(a) Univariate (one-dimensional) Gaussian; (b) Multivariate (two-dimensional) Gaus-
The red cross shows the mean and the red sian, viewed from top. The red cross shows
line shows the extent of the variance. the mean and the colored lines show the con-

tour lines of the density.

Figure: Taken from Deisenroth, Faisal, and Ong (2020).
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Multivariate Gaussian Distribution

Definition (Multivariate Gaussian Distribution)

The multivariate Gaussian distribution is fully characterized by a mean
vector 1 and a covariance matrix Y, and is defined as:

p(o ) = @) # 2 exp (—5(0 = )2 (@ - )

where = € RP.

Notation:
* We write p(z) = N(z | 1, X) or X ~ N(p, %),
Properties:
e 1 € RP is the mean vector, representing E[X]| = .
e Y € RP*P js the covariance matrix, representing Cov[X]| = .
e The distribution is fully determined by its mean and covariance.
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Bernoulli Distribution

Definition (Bernoulli Distribution)

The Bernoulli distribution is a distribution for a single binary random
variable X with state x € {0, 1}. It is governed by a single continuous
parameter p € [0, 1] that represents the probability of X = 1. The
Bernoulli distribution Ber(u) is defined as:

plx | p) =p*(1—p)'=* ze{0,1}
Properties:
¢ Mean (Expected Value):
EX]=n
e Variance:
Var[X] = p(1 — p)
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Binomial Distribution

Definition (Binomial Distribution)

The Binomial distribution is a generalization of the Bernoulli distribution
to a distribution over integers. It describes the probability of observing m
occurrences of X = 1 in a set of IV independent trials, where each trial is
a Bernoulli experiment with success probability 1 € [0, 1]. The Binomial
distribution Bin(XV, 1) is defined as:

oo | N, ) = (Z )umu R

Properties:
* Mean (Expected Value): E[m| = Npu
e Variance: Var[m| = Nu(1 — p)
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Binomial Distribution - Plot

nw=0.1
0.31 n=0.4
n=0.75
=0.21
=Y
0.11
0.0

0.0 2.5 5.0 7.5 10.0 12.5 15.0
Number m of observations x = 1 in N = 15 experiments

Figure: Taken from Deisenroth, Faisal, and Ong (2020).
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Optimization







Loss Functions

e Loss or Cost or Error functions measure how close an output or
prediction is to the true, expected value, and therefore these
functions map to a scalar

e Loss functions are designed to be minimized:
Maximize likelihood — minimize negative likelihood

* |n our function network, loss functions are usually at the top

e Loss functions are needed for optimization (as part of our objective)
and should thus be differentiable
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Loss Functions

Depending on the task, we either perform classification or regression.

Classification

e Prediction is a class, e.g., animal given image, emotion given
speech, word given a vocabulary

e Binary classification: Two options
e Multi-class classification: Multiple (>2) options

e Multi-label classification: Classes are not exclusive, i.e., one can
select one or more classes

Regression
* Prediction is a scalar, e.g., house price or similarity of two phrases
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Example: Classification - Low loss

Model

Predictions Positive

NLP is fun!

LabeledData

e.g., humans Positive

Figure: Loss of a correct prediction
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Example: Classification - High loss

Model
Predictions

Negative
NLP is fun!

LabeledData

e.g., humans Positive

Figure: Loss of a wrong prediction
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Common Loss Functions

Given predictions y € R and expected values (labels) 7 there are different
possibilities to compute the loss.

Regression:
* Mean Squared Error (MSE): 2 3> (y; — 9;)? with § € R"
* Mean Absolute Error (MAE): £ 37| |y; — 4| with § € R”
Classification:

e Binary Cross-Entropy (CE): —(g;log(yi) + (1 — 9;)log(1 — y;)) with
7; € {0,1}
* Hinge Loss (SVM): maz(0, 1 — §;y;) with ; € {—1,1}
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Example: Loss functions

Examples of Loss functions

0.10 A

0.08

0.06

Loss

0.04

0.02

0.00

—— Mean squared error
—— Mean absolute error

—-2.5 0.0 25 5.0 15 10.0
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Gradient

Descent




Optimization

e Given: a model as a function f with parameters 6 : fj

e Data D, e.g. points {(z1,v1), ... (zn,yn)}
e Goal: Find optimal model — parameters 6* for which the error c is
minimal:
0" = argmin c( fy, D)
0

e If cis convex (exactly one minimum), there exists an analytic

solution:

d | .
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Gradient Descent

Otherwise, gradient-based algorithms can be used:
* We know: the gradient points into the direction of steepest ascent

e — We can improve the parameters 6 by following the negative
gradient for a value of c.

e Therefore, given our data, we can

e compute the loss function ¢ for our current model

¢ compute the derivative of the loss: %

e update the parameters # of our model by shifting them a bit into
the direction of the negative gradient

0=0—n-V§'

where 7 is the step size
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Gradient Descent

* We repeat this process until convergence, i.e., until model
parameters 6 (almost) do not change anymore
* Note that we care about the direction of the gradient, but its

magnitude is arbitrary, and hence one might want to normalize the
gradient:

vt

0=0—n —2
TV
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Gradient Descent

The step size is important:

Too small — slow, might get stuck in local minimum.
Too large — can miss global minimum, diverge.

Convergence depends on the cost function, the optimizer, the initial
parameters and the data.

Optimizing neural networks is difficult since the loss function can
become very complex.
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Examples

Figure: Gradient descent stuck in local

minimum
(source: https://www.superdatascience.com/blogs/artificial-neural- Flgu re: Gradient descent on 2D fUnCtion
networks-stochastic-gradient-descent) (Deisenroth Faisal and Ong 2020)

’ ’
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Optimizing Neural Networks

Neural networks can be become arbitrarily complex, so can the loss
function:

¢ |deally, we integrate all training data into the batched gradient:

N
n=1

e This is often infeasible, and we instead approximate the gradient
using a subset of our training data; this is called stochastic
mini-batch gradient descent

e There exist many other optimizers, e.g., using momentum or
adaptive learning rate
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Thanks for your attention - Questions?

)

N
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