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ExpectedValue

Definition (ExpectedValue)

The expected value of a function g of a univariate discrete random

variable X ∼ p(x) is given by:

EX [g(x)] =
∑
x∈X

g(x) p(x)

Here, X is the set of possible outcomes (the target space) of the

random variable X.

Intuition: If we perform the same experiment many times, what

would be the average across all outcomes?
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ExpectedValue: Example

Given a fair, six-sided die:

Sample space: Ω = {1, 2, 3, 4, 5, 6} (analogously: event space A)
P (X = 1) = P (X = 2) = ... = P (x = 6) = 1/6
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ExpectedValue: Example

Given a fair, six-sided die:

Sample space: Ω = {1, 2, 3, 4, 5, 6} (analogously: event space A)
P (X = 1) = P (X = 2) = ... = P (x = 6) = 1/6

EX [g(x)] =
∑
x∈X

g(x) p(x) =
∑

x∈{1,2,...,6}
g(x) · 1

6 (1)

= 1
6 · (1 + 2 + 3 + 4 + 5 + 6) = 1

6 · 21 = 3.5 (2)

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for ML - Optimization 7



ExpectedValue

Definition (ExpectedValue)

The expected value of a function g : R → R of a univariate continuous

random variable X ∼ p(x) is given by:

EX [g(x)] =
∫

X
g(x) p(x) dx

Again, X is the set of possible outcomes (the target space) of the

random variable X.
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ExpectedValue

Definition (ExpectedValue)

We can view multivariate random variables X as a finite vector of

univariate random variables X = [X1, . . . , XD]>. Then, the expected value

of a multivariate random variable X is given by:

EX [g(x)] =


EX1 [g(x1)]

...

EXD
[g(xD)]



Here, the subscript EXd
indicates that we are taking the expected

value with respect to the d-th element of the vector x.

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for ML - Optimization 9



Mean

Definition (Mean)

The mean of a multivariate random variable X with states x ∈ RD is an

average and is defined as:

µ = EX [x] =


EX1 [x1]

...

EXD
[xD]


where

EXd
[xd] =


∫

X
xd p(xd) dxd, if X is continuous∑

xi∈X
xi p(xd = xi), if X is discrete

for d = 1, . . . , D, where the subscript d indicates the corresponding dimension of x.
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Covariance of Univariate RandomVariables

Definition (Covariance)

The covariance between two univariate random variables X, Y ∈ R is

given by the expected product of their deviations from their respective

means:

CovX,Y [x, y] := EX,Y [(x − EX [x])(y − EY [y])]

Remark:

When the random variable associated with the expectation or

covariance is clear from the context, the subscript is often

suppressed. For example, EX [x] is often written as E[x].
Intuition: Is there a (linear) relationship between X and Y ?
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Example: Covariance

(a) Cov(X, Y ) > 0 (b) Cov(X, Y ) ≈ 0 (c) Cov(X, Y ) < 0
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Covariance: Example

Let X be the rainfall in cm

Let Y be the amount of umrellas sold

We observe 4 samples:

(0cm, 1), (2cm, 3), (4.5cm, 4umbrellas), (6.5cm, 6umbrellas)
Let’s assume all events are equally likely, and so are the joint

observations (i.e., P (X = x) = 1
4 , P (Y = y) = 1

4 , P (X = x, Y = y) = 1
4 )
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Covariance: Example

We observe:

(0cm, 0), (2cm, 3), (4.5cm, 4umbrellas), (6.5cm, 6umbrellas)
EX [x] = ∑4

i=1 xi · p(xi) = 1
4
∑4

i=1 xi = 1
4 · (0 + 2 + 4.5 + 6.5) = 3.25

EY [y] = ∑4
i=1 yi · p(yi) = 1

4
∑4

i=1 yi = 1
4 · (1 + 3 + 4 + 6) = 3.5

CovX,Y [x, y] = EX,Y [(x − EX [x])(y − EY [y])] = EX,Y [(x − 3.25)(y − 3.5)]
= ∑4

i=1(x − 3.25)(y − 3.5)p(x, y)
P (X, Y ) : 0 except for our sample points, where it is 1

4 :
1
4 [(0 − 3.25)(1 − 3.5) + (2 − 3.25)(3 − 3.5) + (4.5 − 3.25)(4 − 3.5) + (6.5 −
3.25)(6 − 3.5)]
= 1

417.5 = 4.375
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Covariance: Example

Figure: Plot for observed data points, positive covariance (4.375)
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Covariance of Multivariate RandomVariables

Definition (Covariance (Multivariate))

If we consider two multivariate random variables X and Y with states

x ∈ RD and y ∈ RE respectively, the covariance between X and Y is

defined as:

Cov[x, y] = E[xy>] − E[x]E[y]> = Cov[y, x]> ∈ RD×E

Note:

When the same multivariate random variable is used in both

arguments, i.e., X = Y , this definition results in the covariance

matrix of X.

The covariance matrix captures the relationship between individual

dimensions of the random variable and intuitively describes its

”spread”.
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Variance of a RandomVariable

Definition (Variance)

The variance of a random variable X with states x ∈ RD and a mean

vector µ ∈ RD is defined as:

VX [x] = CovX [x, x]
= EX

[
(x − µ)(x − µ)>

]
= EX [xx>] − EX [x]EX [x]>

=


Cov[x1, x1] Cov[x1, x2] · · · Cov[x1, xD]
Cov[x2, x1] Cov[x2, x2] · · · Cov[x2, xD]

...
...

. . .
...

Cov[xD, x1] Cov[xD, x2] · · · Cov[xD, xD]


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Variance: Example
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Variance of a RandomVariable

Properties of the Covariance Matrix:

The D × D matrix is called the covariance matrix of the multivariate

random variable X.

The covariance matrix is symmetric and positive semidefinite.

It describes the spread of the data.

Diagonal elements contain the variances of the individual variables:

Var[xi] = Cov[xi, xi]

Off-diagonal elements are the cross-covariance terms:

Cov[xi, xj], for i 6= j
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Correlation

Definition (Correlation)

The correlation between two random variables X and Y is given by:

corr[x, y] = Cov[x, y]√
V [x] V [y]

∈ [−1, 1]

Correlation Matrix:

The correlation matrix is the covariance matrix of standardized

random variables, where each variable is divided by its standard

deviation (the square root of its variance).

This standardization ensures that the variables are dimensionless,

allowing for direct comparison of the strength of relationships

between variables.
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Empirical Mean and Covariance

Definition (Empirical Mean and Covariance)

The empirical mean vector is the arithmetic average of the observations

for each variable and is defined as:

x̄ = 1
N

N∑
n=1

xn

where xn ∈ RD.

Definition (Empirical Covariance Matrix:)

Σ = 1
N

N∑
n=1

(xn − x̄)(xn − x̄)>
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Independence of RandomVariables

Definition (Independence)

Two random variables X and Y are statistically independent if and only if:

p(x, y) = p(x) p(y)

Intuition:

X and Y are independent if knowing the value of Y does not provide

any additional information about X, and vice versa.

Implications:

Conditional Probability: p(y | x) = p(y),
p(x | y) = p(x)

Variance of Sum: VX,Y [x + y] = VX [x] + VY [y]
Covariance: CovX,Y [x, y] = 0
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Conditional Independence

Definition (Conditional Independence)

Two random variables X and Y are conditionally independent given a

random variable Z if:

p(x, y | z) = p(x | z) p(y | z), ∀z ∈ Z

We denote this relationship as X ⊥ Y | Z.

Alternative Interpretation:

Given Z, knowing Y provides no additional information about X:

p(x | y, z) = p(x | z)
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Gaussian Distribution

Introduction:

The Gaussian distribution, also known as the normal distribution, is

the most well-studied probability distribution for continuous-valued

random variables.

Its importance originates from its many computationally convenient

properties.

Widely used in various areas of machine learning such as Gaussian

processes, variational inference, and reinforcement learning.

Also prevalent in other fields like signal processing (e.g., Kalman

filter), control (e.g., linear quadratic regulator), and statistics (e.g.,

hypothesis testing).
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Gaussian Distribution

Definition (Univariate Gaussian Distribution)

For a univariate random variable, the Gaussian distribution has a density

given by:

p(x | µ, σ) = 1√
2πσ2

exp
(

−(x − µ)2

2σ2

)
where:

µ is the mean of the distribution.

σ2 is the variance of the distribution.

Properties:

The Gaussian distribution is symmetric around the mean µ.
Mean, median, and mode are all equal.

Completely determined by its mean and variance.

The area under the curve integrates to 1.
ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for ML - Optimization 27



Gaussian Distribution – Plot
198 Probability and Distributions

Figure 6.8
Gaussian
distributions
overlaid with 100
samples. (a) One-
dimensional case;
(b) two-dimensional
case.
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(a) Univariate (one-dimensional) Gaussian;
The red cross shows the mean and the red
line shows the extent of the variance.
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(b) Multivariate (two-dimensional) Gaus-
sian, viewed from top. The red cross shows
the mean and the colored lines show the con-
tour lines of the density.

For a univariate random variable, the Gaussian distribution has a den-
sity that is given by

p(x |µ,ω
2) =

1
→

2εω2
exp

(
↑

(x ↑ µ)2

2ω2

)
. (6.62)

The multivariate Gaussian distribution is fully characterized by a meanmultivariate
Gaussian
distribution
mean vector

vector µ and a covariance matrix ! and defined as

covariance matrix p(x | µ,!) = (2ε)→
D
2 |!|

→
1
2 exp

(
↑

1
2
(x ↑ µ)↑!→1(x ↑ µ)

)
, (6.63)

where x ↓ RD. We write p(x) = N
(
x | µ, !

)
or X ↔ N

(
µ, !

)
. Fig-Also known as a

multivariate normal
distribution.

ure 6.7 shows a bivariate Gaussian (mesh), with the corresponding con-
tour plot. Figure 6.8 shows a univariate Gaussian and a bivariate Gaussian
with corresponding samples. The special case of the Gaussian with zero
mean and identity covariance, that is, µ = 0 and ! = I, is referred to as
the standard normal distribution.standard normal

distribution Gaussians are widely used in statistical estimation and machine learn-
ing as they have closed-form expressions for marginal and conditional dis-
tributions. In Chapter 9, we use these closed-form expressions extensively
for linear regression. A major advantage of modeling with Gaussian ran-
dom variables is that variable transformations (Section 6.7) are often not
needed. Since the Gaussian distribution is fully specified by its mean and
covariance, we often can obtain the transformed distribution by applying
the transformation to the mean and covariance of the random variable.

6.5.1 Marginals and Conditionals of Gaussians are Gaussians

In the following, we present marginalization and conditioning in the gen-
eral case of multivariate random variables. If this is confusing at first read-
ing, the reader is advised to consider two univariate random variables in-
stead. Let X and Y be two multivariate random variables, that may have

Draft (2024-01-15) of “Mathematics for Machine Learning”. Feedback: https://mml-book.com.

Figure: Taken from Deisenroth, Faisal, and Ong (2020).
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Multivariate Gaussian Distribution

Definition (Multivariate Gaussian Distribution)

The multivariate Gaussian distribution is fully characterized by a mean

vector µ and a covariance matrix Σ, and is defined as:

p(x | µ, Σ) = (2π)− D
2 |Σ|−

1
2 exp

(
−1

2(x − µ)>Σ−1(x − µ)
)

where x ∈ RD.

Notation:

We write p(x) = N (x | µ, Σ) or X ∼ N (µ, Σ).
Properties:

µ ∈ RD is the mean vector, representing E[X] = µ.
Σ ∈ RD×D is the covariance matrix, representing Cov[X] = Σ.
The distribution is fully determined by its mean and covariance.
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Bernoulli Distribution

Definition (Bernoulli Distribution)

The Bernoulli distribution is a distribution for a single binary random

variable X with state x ∈ {0, 1}. It is governed by a single continuous

parameter µ ∈ [0, 1] that represents the probability of X = 1. The
Bernoulli distribution Ber(µ) is defined as:

p(x | µ) = µx(1 − µ)1−x, x ∈ {0, 1}

Properties:

Mean (ExpectedValue):

E[X] = µ

Variance:

Var[X] = µ(1 − µ)
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Binomial Distribution

Definition (Binomial Distribution)

The Binomial distribution is a generalization of the Bernoulli distribution

to a distribution over integers. It describes the probability of observing m
occurrences of X = 1 in a set of N independent trials, where each trial is

a Bernoulli experiment with success probability µ ∈ [0, 1]. The Binomial

distribution Bin(N, µ) is defined as:

p(m | N, µ) =
(

N

m

)
µm(1 − µ)N−m

Properties:

Mean (ExpectedValue): E[m] = Nµ

Variance: Var[m] = Nµ(1 − µ)
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Binomial Distribution – Plot206 Probability and Distributions

Figure 6.10
Examples of the
Binomial
distribution for
µ → {0.1, 0.4, 0.75}
and N = 15.
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Remark. The rewriting above of the Bernoulli distribution, where we use
Boolean variables as numerical 0 or 1 and express them in the exponents,
is a trick that is often used in machine learning textbooks. Another oc-
curence of this is when expressing the Multinomial distribution. →

Example 6.9 (Binomial Distribution)
The Binomial distribution is a generalization of the Bernoulli distributionBinomial

distribution to a distribution over integers (illustrated in Figure 6.10). In particular,
the Binomial can be used to describe the probability of observing m oc-
currences of X = 1 in a set of N samples from a Bernoulli distribution
where p(X = 1) = µ ↑ [0, 1]. The Binomial distribution Bin(N,µ) is
defined as

p(m |N,µ) =

(
N

m

)

µ
m(1 ↓ µ)N→m

, (6.95)

E[m] = Nµ , (6.96)
V[m] = Nµ(1 ↓ µ) , (6.97)

where E[m] and V[m] are the mean and variance of m, respectively.

An example where the Binomial could be used is if we want to describe
the probability of observing m “heads” in N coin-flip experiments if the
probability for observing head in a single experiment is µ.

Example 6.10 (Beta Distribution)
We may wish to model a continuous random variable on a finite interval.
The Beta distribution is a distribution over a continuous random variableBeta distribution

µ ↑ [0, 1], which is often used to represent the probability for some binary
event (e.g., the parameter governing the Bernoulli distribution). The Beta

Draft (2024-01-15) of “Mathematics for Machine Learning”. Feedback: https://mml-book.com.

Figure: Taken from Deisenroth, Faisal, and Ong (2020).
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Optimization

2



Loss Func-

tions

2.1
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Loss Functions

Loss or Cost or Error functions measure how close an output or

prediction is to the true, expected value, and therefore these

functions map to a scalar

Loss functions are designed to be minimized:

Maximize likelihood → minimize negative likelihood

In our function network, loss functions are usually at the top

Loss functions are needed for optimization (as part of our objective)

and should thus be differentiable
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Loss Functions

Depending on the task, we either perform classification or regression.

Classification

Prediction is a class, e.g., animal given image, emotion given

speech, word given a vocabulary

Binary classification: Two options

Multi-class classification: Multiple (>2) options

Multi-label classification: Classes are not exclusive, i.e., one can

select one or more classes

Regression

Prediction is a scalar, e.g., house price or similarity of two phrases
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Example: Classification - Low loss

NLP is fun!

Positive
Model

Predictions

LabeledData
e.g., humans Positive

Low
Loss

Figure: Loss of a correct prediction
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Example: Classification - High loss

NLP is fun!

Negative
Model

Predictions

LabeledData
e.g., humans Positive

High
Loss

Figure: Loss of a wrong prediction
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Common Loss Functions

Given predictions y ∈ R and expected values (labels) ŷ there are different

possibilities to compute the loss.

Regression:

Mean Squared Error (MSE): 1
n

∑n
i=1(yi − ŷi)2 with ŷ ∈ Rn

Mean Absolute Error (MAE): 1
n

∑n
i=1 |yi − ŷi| with ŷ ∈ Rn

Classification:

Binary Cross-Entropy (CE): −(ŷilog(yi) + (1 − ŷi)log(1 − yi)) with
ŷi ∈ {0, 1}
Hinge Loss (SVM): max(0, 1 − ŷiyi) with ŷi ∈ {−1, 1}
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Example: Loss functions
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Gradient

Descent

2.2
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Optimization

Given: a model as a function f with parameters θ : fθ

Data D, e.g. points {(x1, y1), . . . (xN , yN)}
Goal: Find optimal model → parameters θ∗ for which the error c is
minimal:

θ∗ = arg min
θ

c(fθ, D)

If c is convex (exactly one minimum), there exists an analytic

solution:
d

dθ
c

!= 0 ⇒ θ∗ = . . .
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Gradient Descent

Otherwise, gradient-based algorithms can be used:

We know: the gradient points into the direction of steepest ascent

→We can improve the parameters θ by following the negative

gradient for a value of c.

Therefore, given our data, we can

compute the loss function c for our current model

compute the derivative of the loss: dc
dθ

update the parameters θ of our model by shifting them a bit into

the direction of the negative gradient

θ = θ − η · ∇f>

where η is the step size
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Gradient Descent

We repeat this process until convergence, i.e., until model

parameters θ (almost) do not change anymore

Note that we care about the direction of the gradient, but its

magnitude is arbitrary, and hence one might want to normalize the

gradient:

θ = θ − η · ∇f>

|∇f |
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Gradient Descent

The step size is important:

Too small → slow, might get stuck in local minimum.

Too large → can miss global minimum, diverge.

Convergence depends on the cost function, the optimizer, the initial

parameters and the data.

Optimizing neural networks is difficult since the loss function can

become very complex.
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Examples

Figure: Gradient descent stuck in local

minimum

(source: https://www.superdatascience.com/blogs/artificial-neural-

networks-stochastic-gradient-descent)

7.1 Optimization Using Gradient Descent 229

Figure 7.3 Gradient
descent on a
two-dimensional
quadratic surface
(shown as a
heatmap). See
Example 7.1 for a
description.
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(illustrated in Figure 7.3). We can see (both from the figure and by plug-
ging x0 into (7.8) with � = 0.085) that the negative gradient at x0 points
north and east, leading to x1 = [�1.98, 1.21]>. Repeating that argument
gives us x2 = [�1.32,�0.42]>, and so on.

Remark. Gradient descent can be relatively slow close to the minimum:
Its asymptotic rate of convergence is inferior to many other methods. Us-
ing the ball rolling down the hill analogy, when the surface is a long, thin
valley, the problem is poorly conditioned (Trefethen and Bau III, 1997).
For poorly conditioned convex problems, gradient descent increasingly
“zigzags” as the gradients point nearly orthogonally to the shortest di-
rection to a minimum point; see Figure 7.3. }

7.1.1 Step-size

As mentioned earlier, choosing a good step-size is important in gradient
descent. If the step-size is too small, gradient descent can be slow. If the The step-size is also

called the learning
rate.

step-size is chosen too large, gradient descent can overshoot, fail to con-
verge, or even diverge. We will discuss the use of momentum in the next
section. It is a method that smoothes out erratic behavior of gradient up-
dates and dampens oscillations.

Adaptive gradient methods rescale the step-size at each iteration, de-
pending on local properties of the function. There are two simple heuris-
tics (Toussaint, 2012):

When the function value increases after a gradient step, the step-size
was too large. Undo the step and decrease the step-size.
When the function value decreases the step could have been larger. Try
to increase the step-size.

©2021 M. P. Deisenroth, A. A. Faisal, C. S. Ong. Published by Cambridge University Press (2020).

Figure: Gradient descent on 2D function

(Deisenroth, Faisal, and Ong 2020)
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Optimizing Neural Networks

Neural networks can be become arbitrarily complex, so can the loss

function:

Ideally, we integrate all training data into the batched gradient:

∇f =
N∑

n=1
∇fn

This is often infeasible, and we instead approximate the gradient

using a subset of our training data; this is called stochastic

mini-batch gradient descent

There exist many other optimizers, e.g., using momentum or

adaptive learning rate
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Thanks for your attention - Questions?

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for ML - Optimization 51



References

Deisenroth, Marc Peter, A. Aldo Faisal, and Cheng Soon Ong (2020).

Mathematics for Machine Learning. Cambridge University Press. DOI:

10.1017/9781108679930.

ThangVu, Institute for Natural Language Processing (IMS), University of Stuttgart: Math for ML - Optimization 52

https://doi.org/10.1017/9781108679930

	Probabilities II
	Summary Statistics and Independence
	Important Probability Distributions

	Optimization
	Loss Functions
	Gradient Descent
	Questions

	Appendix
	References


